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ABSTRACT
The binary quadratic equation representing hyperbola given (a+1) x2- ay2 =3a+ 3, a>0 is analysed for determining
its non-zero distinct integer points. The recurrence relations satisfied by and are given. A few interesting relations
among the solutions are presented.
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INTRODUCTION

The binary quadratic Diophantine equations offer an unlimited field for research because of their variety [1,2]. For an

extensive review of various problems one may refer [3-25]. This communication concerns with yet another interesting
binary quadratic equation (a+1) x2- ay2 = 3a + 3, a >0 representing hyperbola for determining its infinitely many non
zero integral solutions. Also, a few interesting relations among the solutions are presented .

1. METHOD OF ANALYSIS

The hyperbola under consideration is

(a+1Dx*—ay*=3a+3, a=0 )
Introducing the linear transformation
x=X+aT, and y=X+(a+1)T @)
In (1), it is written as

X2=(a*+aT*+1

Which is a Pellian equation, whose general solution (X n o T”) is given by

= 1

Xn = E fn

e 1

Tn = o 2 xn
2y a+a

e £ ={[Ga+ 0+ V@EF QL™ + [2a+ - (FF D7)

gn={[Qa+ D+ (@ +a)2]" - [Qa+1) - (V@ +a)2]"]

In view of (2), the integer values of X and V' satisfying (1) are given by

(2 a’+3a)
Xn+1 = (G + 1)f-n + 2./ 22+a On (3)
Jal
2a+3 (2a”+4a+2)
Yn+1 = - fn + > ] 2 On 4)
= 2y a“+a

The recurrence relations satisfied by the x and y values of (1) are given by

Xn+3 — (4(1 + Z)xn+2 T Xn41 = 0

with Xg =2a+2 & x;=8a’+12a+2
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Similarly,

Yn+3 — (4a + z)yn+2 +¥Yn+1 =0

with Yo = 2a+3 & y, =8a’+16a+7
A few interesting relations among the solutions are as follows:

(). Xneo = (Ra + D)xp0q1 + 20 Yuts

@). Xpy3 = (8a® +8a + x4 + (8a® +4a) ¥, 44

G Yntz = (2a+ 2)xp + (2a+1) yupq

). Yz = (8a? +12a + 4)x,11 + (8a? +8a + 1) y,4q
). Xn+3 = Xpt1 T 40 Ynoo

©). Yn+2 = Xn+1 T Ya+1 T Xn42

(7. Xp+1 Vn+2 T 2ﬂy$+1 = 2(‘3 + 1)17;.54-1 T Xn+2 Vn+1

ala+1)3xop .0 -al4a® +10a+6)yo .o +(6a+14a+8)

is a Perfect square.

(3).

(3a?+7a+4)
4la+1)3 x5, -a(2a®+10a+6)yopsp+(6a’ +14a+8)
9). 6 — - ] is a Nasty number.
{3a“+7a+4)
4(a+1)3x35.2 -a(2a+2)(2a+3)y3p.3+3F (302 +7a+4) 3
(10). = fn is cubical number.

(3a°+7a+4)
IIIl. REMARKABLE OBSERVATION
Let 0,11 = (4a+ 6)-xn+1 — (4a+ 4)}"}:+1

Bris=4(a+1)°%,,1 — (2a+ 3)(2a” + 2a) Y41

Note that the pair (3,41 » ,8 n+1 ) satisfies the hyperbola

((Ba+4)B3,:) =(a" +a)[(3a”+7a+4)a,.,]* + (6a+8)*(3a’+ 7a+ 4)*
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